
D
.DegreeendCellularHomology

for a map f
:S
"
→ 5
- .

we get f* : Ha (5)→ An Isn) (n to could just use Hn IS "I)
SH SH

Z Z

define the degreeof t to be degff ) = f* lil E Zt

note: i) deg I idsn ) - I

2) deg If) only depends on f upto homotopy
3) if f is not surjective , then deg f-- O

since it f misses a point x E S
'

then S
"# s

"

F-- flu T i
5- Ix)

but 7*117--0 e Ha (5-1×3)=0

so f* Ill = I* II (D) = 2*101=0.

4) deg (fog) = deg (f) deg (g)

5) if f is reflection then degf = - I
fIXo

×
, - - . Xn )

indeed : no 5=1 - I, I) and
= f-Xo ,X, , . . . Xu )

f-(Il) -- It

Ho (5) E Holt-D) ④ Hollis)

f-
*
Ia. b) =Lb. a)

recall tocompute
reduced homology we consider

2=0
E

C. Iso) → Co Cso) → z
Em, x, t Em

,

so Ito Cso) E her IZ④Z → Z) E ZI gen by Ll.
- I)

Iacb) 1-) atb

now f
*
( I
,
- I) = t lol) = - ( I , - D

so deg f = - I



now suppose result for Sk with ka n

let D?= { exo, . .. xn) E S
"

Itxuzo} (((/ I Dnt

note f preserves DI D?
S
" -l

Ints
" ) Hn Is ? DI ) HnlDIDDY In

.
in

If*
° If* ° t* o I f*Ttncsn) is;D:)
E-

Hn CD-72127)Tta.dah )
good

pttahir
excision I

.
-

sn
- I

That 12

so all vertical maps
Hull??→HnlD7oDH¥HmGDH→Hn DI

h 7 I

are multiplication BY - Iitn-it.ci?y-HiaIpaHHozIso?fi'ItzIIj6) f -- antipodal map =
- idsn

°

Hit D-
'

DD! ) I
Keri

then deg Cfl = C-I)
""

I
Ito

15)

this follows from exercise: f = composition of
(htt ) reflections

S-meniceapplica-ionsofdegreeikmmqeff.gix-5.IN#/\ if fix ± -gcx) txt X, then f-g-
Proof"

Hi xxCo. D→ s
'

I x it) I→ 4-tlfCx7ttg#
11h- t)Hxlttgcxll

IS the homotopy (note OK since flat-g Cx))#y

Corny

:#\let f : she sa

it it f has no fixed point, then deg f = C
- t)
" "\ a it there isnd x es " set

.
fade -x. then degf = I-

Proof : i ) apply lemma 21 to f and antipodal map and

use homotopy invariance



(2) same as above but for f and I 'dsa
EH

Corts:

yIf n is even, then any map f : 5.→ s " has a fixed point or an\ antipodal point Ix set
.
text = - x)-

Root : if not then deg f = I and - I XO
L#

↳

gnhasanonzerovectorh.ee#⇒Inis
Proof: If n is even then any vector field must have a zero

since if v a vector field with no Zero then
x.→ vex,

u# lies
in
'

planefish-75 :XHITTIN .¥-.*, taxhas no fixed points or
I

antipodal points XO .

fly)

if n = 2kt I
,
then

V(Xo, X, , . - . , X2h , Xzhtl ) = (Tito . - . i Xzhti
,
- Xzh )

an non zero vector field.

Remarks: Its actually true that maps f. g : S
"
-75

"

are homotopic
⇒

deg f = degg

Howtocomputedeg.

Suppose f : S
"
→5 n > o

and I y ES
"

set
. f-

'

ly) = finite set of points x. , . . . , x n
ht

note : Hnl5- ly 3)→ Hnl5) → Hnl5, 5- ly3) → Ha . , I5-HD
" "

n > I
,

think about
O O

n= I case

so n* an isomorphism
similarly

j* : Hats ")→ Hats ? 5- Ix.3) an isomorphism too



let 11 be a neighborhood of y and

4 be neighborhoods of the x,
set
. fly ) CV and

X
,
* 4. ttrtj

by excision Hn Csn, 5- ly3) I Hn C5- I5- V ) ,H-HD- ( 5- v))
=Hnk, V- I'll)

Similarly for Hulk , 4 -Hd)

So we get f* i Hn (U, . U, - Ix.3)→ Hncv, ✓-gyp
note: = with Z

HS us
comes from I

Z z
to His

") and

1 1- d
can fix

generator there
we define theLocaldegreeoft etIi to be so

d well-def

degff, x, ) = f* ID above

note: .
.

if we

.
changeY

,
99. same

"

Imber ,as long as ×,

at
Ui ! )

• If flu
,

: Un→ fly ) a homeomorphism then replace V by HY)

and f
*

: Ha 14,4 - Ex)) → Hulk V- 143)
lls 115

Z Z

11- It

so degff, xn ) = It

?e
.

f local homeomorphism near x, , then deg Cfix, ) -- I I

/emma25_:

#with f : s "→ S ", y and x, , . . . Xh as above

\ deg Ifl - ¥
,
deg If, xD
-

Proof .-
Choose all Vi disjoin't

k

set -2=5 -¥4



excision

Hn(SY,SYfYy)) =An)SY, SYSx... Xa3) =An)SZ,sEx, ... Xm3 - z)
=Hn(Ei,,(U - 5x,3))

=, Hn(V,Un - (x1b)
1--> deg(f)

now Hn(SY)--> Hnls")

I ↓ 1x fo
↓
1x=

9 AnCS,s"f(y)) - HalSYS"Sy3)
O ↓ =HYE, - 3x3) -> hn(X,X-fyS)
⑦flu)

ne: Hn(SY -> HaCU,4 -3x,3)
SII

# E
11-1

so g(1) =(1,1,...1)

and degf =fx(l) =(G(f(u)x0g(1) =a(f(u)x(1) =E,deg(f,x,)
⑰

Remark:ifyou know differential topologythen given a smooth

map fis"-s" we can homotopf soyis a regular value
=>f(y) finite and f local homeomorphism

dfxe:Tx,S"- Tys" somorphism
u Yu

deg (f, x) =3, dtx, orientation preserving
dfx, orientation reversing

examples:
1 fais'- s

2 I- I no

u
can choose so flu, *Y a homeo.

Er ->"
can extend flu, to A

flu;

homeo gi"S'ts' thatpreserves or 1

such homeos are isotopicto ads'



.. 1 =deg g, = deg (9, X1) =deg Hn, xa)
so degf =u

Ifno, then fu=fnor
reflection

sO deg fn
=deg (-n) degr
=(-n)(- 1) =4

2) LetD...... Dm be disjoint D" in n > 1

C =S - ,E, P1
then SY =mit...xsr/wedge ofkin-spheres

⑩" ID q:S
-X

letU be a nbhd ofwedge pt. inX
letX =X-wedge point

note:Un
=0 =.(sx10.1))

Hn(UH(X) -Hn(X) -> Hn-,(UnY) Hn-,(UOHa-,(X)
I ⑲"E

1 =1

so HuIX)=,
letfix- S" collapse all butI go inX

aim:(fi)1:Hn(X) -> Hn(S")
⑦2, IIS

E

(m,... Mp)1->m;

indeed letsitinthere
note (fj0(i)(1) =0 it2 +j

and (fiji)y(1) =11
since too:a homeomorphism



so we musthave (i)x() =10....,Est
and so (filelo, ---,0,1,0,-, =I1 if -1 compwirele

now setf:X-S" to be f, on it sphere

so fx (m,... Mp) =m, ...MR

as above qx:Hals") -> Hn(X)
1 1- (1.., ...,1) ese:prove thisif

notclear

setgp:fog: s"-s" (consider ex1) above

clearly deglgh=k

AlarHomology
let X be a CW complex
setC,(X) =free abelian group generated byn-cells e,,...e

letf: 2e-x
-the attachingmap for e

givene, and er",nz, consider ,
quotientonto it-

sixinaent*YYne=sri,the
gij

letdij=degree gij

define2:(Yx) -> (?(X)

e-dije?
for n =1 define:

2:"Y(x) ->C(X)
2!1-22!

&

singular boundarysince
21 -> Xis a sing Isimplex

note:ifX:Somepoints, then 2,re! =0 F;



That"

www.#\| Hnlx) I ker£%m any
-

Hnwlx) = kertihhnynw is called the cellularhomolog of X

and the says HCYCX) Is Isomorphic to singular homology !

examples;tz.ge#iOeieDn.MlIg. Cw zcw
0 → ECT

' )→ CFLTY→ CECH → 0
' ' ' '

z z @ z
E

for 2wet. = 0 from above

¢ wrresp to eti
for 2%2 :

gets '→ ×
'' '
→ KY×a= X"'→ Si.

÷"t.IT#xafe-.O.::÷
note: orientation on 2E2 agrees with direction

at Xz but not at X ,

so as discussed above

deg (g;,xd= 1 = -deg ( g. , x, )

so deg (g.) = O for 1=0,1

:
. 2Ye2= Oe ,

'
+ oet = 0



Z n= 0,2

:
. Halt) -- ¥04 "otherwise
exercise: If Ig is surface of genusg eu%

then Hntzgtftosft
"

wise

Remade i ) Hnlx) has at most lh= # k - cells generators
in
' particular, Hn 1×1=0 if no h - cells

2) If X has only cells in even dimensions then 2W-0
so H'nwlx) = CY

example: recall EP
"

= due've4 u
. .
.
ve
"

so HIC Epa) =
Z n - 0,2, . . . ,2n{ 0 otherwise

example: let X -- QQ u 212 - cells)

e ? attached along a 553

e ! u n b
'
(ab)

-Z

arguing as above we have

29 2
.

"

O→ ETH -744×1-244×1 → o
lls

lls lls

Z④Z Z④Z Z

27=0

29 = ( I,
-

Y) note matrix invertible

over Z so her 24=0

:c HIM =/ to nn¥o
' in everything



by Van Kampen 4,(X) =(a,b) a56, b"(ab)
-

3)

one can show thisisa group of order 120

so Xnotcontractible

note:example shows it, sees things An does not

but5.(5) =0, ny1 so An sees things , does not.

mmma27:
Xa CW complex

inorin
ani3) 1:x() -> Xinduces an isomorphism

2x:Ha)x())-HalX) F man

froof:1) IX, X) is a good pair so
Hm(X", x(-1) =Fm) xx -n)

butX*y(-1) = P,S" for n=1

for n =0 also clearlytrue
2) Hk+,(X"), x4

- 1) ->Hp(X4
- 1)+H(Xr)) ->H(X", x4

-1)

kEn,n-1 ! !

..Ha(X4
- 1) =Hy(X(r) Vk=n,n-1

so for R2nHm(X()) =Hn(x4-1) =.. . =Hu(X) =2

3) IfRan then x m arbitrary

Hp(X(x) =Hn(x(n
+1) =... =Hy)x(n+m))

so Hulx) =Hax) (clear iF X finite din'l

still true for any X but
need

Eact:"Homologycommutes with

directlimits"(colimits))#



Proof of The26 :
-

by lemma 25 we know Cncwlx) I Hnlx
"

,
Xd-")

consider the long exact sequence of the tipple IX
""'

,
X
"! X

'"")

. . .

→ Hm ,
(X"
"? x"")→ Hat , (X

"! X") HnlX
"

,
x
"-")→

. . .

so dnt
,
: Cali CH → cimex)

Clarin 24W -- da

we prove claim below , but first prove th
"
given claim

consider 2 long exact sequences of pairs (Xd
"

?
x
") and IX",

'
x'
n - ")

Hnlx

"
-

"
) = O

by lemma 27

Hae , Clint! xx
,,
dnt ,

t
→ Hnfx

"'
)→ Halx

@t")→ Hn CXX
"? x")

S I l I I

\
,

I In Hnl x) O

Ino )
nel Hnl XM, Xk

-")

fanHn. , 1×4
- iy

exercise: jno Int , - dnt I

l diagram chase, easy to see choices maid to

construct 2mi , can also be used for dnt , )

SO dnodnt , = J n - co Jn ° In o Jae , = O
-

= o since 2 terms in long exact sequence

-

'

' can consider
her dyim duel

from above Hn (×) =
Hnlx"Y

Iin Intl

note : In is injective so

im Int , I Jn ( in one , ) = im CJno Inti ) = i 'm due ,



and since (n-1 is injective too

HalXY =im (n =her2n = ker(Sn-1(n) =kerdn

:. Hn(X) =HuCXY,mCntE imCr/ -kerdryimdnttimdrtt

given by In
-KerbnYim wioofClaim: by claim

firstnote: 1:12,2e?) ->1xx-) given by "inclusion"

induces
1x:Hn(22,22!) -> Hn(X), xn-1)

IIS IS

E E
isinjective andmaps E tofactor corresp to2

lindeed (ei2e?) -> (XX-) +x"yy-1 ->e/erI

-
j

Hule? 2e,) * Hn(e/ze)
SIIAnseiszen?sidentity map

now HuCe?,2e?) Ha,(ze?

↓
1x

⑧

↓
If?)x

Halx? X-) Hn-1)X) erise check *

als
O
*

↓
In - 1 Isame exercise

Hn -1(X(n
-1,x(n

-)) as above)

so generator inHalx, x)corresponding toen

maps under on to

(n-10(f), (1) in Hn-,(X(
-

1, x(n
-z)

butHn-1) x(-), X (n-4) =.
and by definition (n-, of?I =(d, ...,deeni

.. dulgen. corresp toe?) =2(e?)



If ✗ and Y are CW complexes a continuous map
f- : ✗ → Y

is called cellular if f-1×4 ) c Y"

Fact :

any map between
CW complexes is

homo topic to a cellular map

Remark : this is not hard to prove with differential

topology, and can be proven without it, see
Hatcher

.

now given an n
- cell or of ✗ and n -cell re ofY

consider

D
"

→ ×
" f- ya

"

o 19
y

9
'

quotientall but

I =
.

5-- D.
"

Isn - i→ ×%tn→ → Y%←y=v5¥ sn

-
to
;t

Th " 28 :

given a cellular map f :X→ Y then



1-
*
: HIM → HIM

is given by
f-
*
( [o] ) = I deg /for) [T]

Proof : similar to the discussion above
,
exercise

,☒

E. H-omologywithdifferent-effia.eu#

given an abelian group G
and a space X

let Cn IX. 6) = { Ésioil g, c-6,0; a singular n - simplex }2=1

k k h n

21 -29;9.) = Ig; 2g. = T.g-z.ogiepiq.sc
# face of 0;

n
7=1 2=1

as before 2. ° 2n+ , = 0

so we define the h⇒y of ☒ with coefficients in G- to be

Hnlx ; b) = Kerby
,in 2.+ ,

(note: for 6--2 get orig def
")

can also define Hnlx, A ; G) using CNN.tt;D =
↳ (✗ "%(a; g)

all thms we proved above work for these homologies too

similarly if ✗ a CW complex let

C IX; G) =¥6 ln= # n -cells

and la la-i

2in ( É gie ";) = -2 I g; (deg hide; "
7=1 2=1 J =L

where
ye?→ ✗

in -1)
→ H%←z, → gn

-i corresp to

÷
e:
"

again this gives Hnlx; G)



example-i.ppzeo.ae
'

!É
use Ztcoeff : use -242 weft :

o→G(IRP)→cflRP7→Co4RP
') -70 0 → GCIRP?Zyz)→c, /IRP?Z4z)→CoHRP?,Z%)-20

115

¥ ±, 1¥ → z
"s us us

242 °→ 2-⇐ 242
HNIIRP

'

)=
Z n=o

{Zkn=1 HNCIRP?Z%)={2-1/2 a- 01112

O n -1-0,1 O n -1-0,112


